We consider the possibility to solve the issues of the phantom field cosmology by means of the PT-symmetric quantum theory. The Born-Oppenheimer approximation is applied to the WheelerDeWitt equation to study the inhomogeneous fluctuations over the homogeneous minisuperspace. The evolution of the longitudinal inhomogeneous modes in WKB-time is described using a timedependent pseudo-Hermitian effective Hamiltonian.
Introduction
The nature of the Dark Energy remains to be one of the most interesting issues of the modern cosmology. One of the possibilities is that it is produced by so-called phantom matter with w = p/ǫ going below −1 at least at some stage of the cosmological evolution. E.g. one may consider a two-field model with one of the scalar field ξ having wrong-sign kinetic term [1] ,
However as the energy is not bounded from below this leads to severe instabilities and the cosmological evolution in such models generally ends with unlimited expansion in the finite cosmic time (so-called Big Rip). It is curious that some of the seemingly unstable and even complex classical Hamiltonians with P T -symmetry can still possess purely real positive energy spectrum [2] . The most well-known example is,
It happens that for certain non-standard norm (ψ,ψ) such Hamiltonian generate a unitary evolution. Such P T -symmetric Hamiltonians are the particular case of the so-called pseudo-Hermitian operators related to the Hermitian ones by non-unitary similarity operator η,
However the Hermitian form usually happens to be very complicated and it is much easier to study such models in the non-Hermitian form. It was proposed in [3, 4] to apply this idea to the cosmology by replacing (1) with a classically equivalent model with the fieldφ = −iξ.
Then the kinetic energy is positive but the potential is complex. To possess real energy density and pressure the classical solution forφ should be purely imaginary. In contrast the perturbations are considered along the real axis,φ = iξ class + δφ. Such perturbations near classical trajectory happen to possess positively definite effective Hamiltonian. To separate such fields from the usual phantoms we coin a new name -PTom. A realization of this idea as a fully quantum model restricted to the homogeneous minisuperspace was considered in [5] . In this short paper we elucidate how this approach may work for the longitudinal inhomogeneous modes.
The model of the quintessence and phantom field
In order to fit observations we need a composition of two scalar fields: quintessence and PTom ones. Let's consider the following model, [5] 
where
We take all parameters to be real and assume that V (Φ, −Φ) * = V (Φ,Φ) to preserve the following symmetry,
At the quadratic order the transverse (3d tensor and vector) modes decouple from the longitudinal (3d scalar) ones. In this paper we will restrict ourselves to only the longitudinal inhomogeneous sector. We consider the following metric and field ansatz,
The variables {Q A } ≡ {N, ρ, Φ,Φ} are the coordinates on the restricted minisuperspace whereas {χ a } ≡ {s, v, h, E, φ,φ} are treated as small fluctuations. We will take the following partial gauge fix,
To proceed we perform IR regulazation to the finite volume V. Let us decompose the remaing fluctuation variables into the superposition of the orthonormal eigenfunctions of the Laplace operator acting on this regularized space.
The variables N,v and s are not dynamical and generate constraints. As usual in general relativity one of the constraints is the Hamiltonian that up to the quadratic order in fluctuations takes the form,
In addition the following constraints should hold for each inhomogeneous mode,
The costraints H
The quantum theory of the fluctuations
We now perform the Dirac quantization of the constraint system obtained above. We derive the system of the Wheeler-DeWitt (WdW) equations in the following form,
Then we use the Born-Oppenheimer approximation [6] - [13] and separation of the fluctuation variables corresponding to the different inhomogeneous modes,
Decomposing the WdW equations into different orders of κ 3 /V we first obtain the WdW equation in the restricted minisuperspace,
Please note that the large volume limit V/κ 3 → ∞ serves as an quasiclassical limit. Assuming that we consider the quasiclassical wavepacket far from the turning point we may use the WKB approximation for the minisuperspace part of the wavefunction,
We will neglect backreaction assuming thatĤ 0 Ψ (n) 2 = 0. Then for the fluctuation part of the wavefunction we obtain,Ĥ
where ∂ τ is the derivative in the so-called WKB-time that is directed along the classical trajectory [6] ,
with G AB being the metric on the minisuperspace {Q A },
The quadratic term H (n) 2 may be then interpreted as the effective Hamiltonian generating evolution of the fluctuation part of the wavefunction along the family of the classical solutions defined by WKB-action S. We can then try to treat it as the time-dependent pseudo-Hermitian Hamiltonian using the generalization of (3) following [14] ,
where bothĥ (n) and η n are Hermitian operators. Note that because of the second term in the time-dependent case the resulting non-Hermitian Hamiltonian may actually not be observable and may have complex eigenvalues but still describe some unitary evolution with respect to the norm ψ|η † η|φ . Let us consider the specific potential and kinetic matrix that allows exact classical and quantum homogeneous solutions [5, 15] ,
In the weak gravity limit κ → 0 after solving the constraint H (n) s the effective Hamiltonian greatly simplifies with φ andφ being decoupled,
Because we consider Φ and φ as ordinary Hermitian fieldsĤ
φ,2 is manifestly Hermitian and η n should be nontrivial only on theφ sector. The remaining partĤφ ,2 is a non-Hermitian time-dependent oscillator (or more generally the Swanson Hamiltonian) similar to the problem considered in [16, 17] . Instead of appealing to their work we suggest somewhat different approach. We start by noting that for purely imaginary solutionΦ = iξ class this is simply a Hermitian oscillator with time-dependent frequency. Then we decomposeΦ ≃ iξ class + δΦ and look for the solution in the following form,
To calculateĤ
we note that the operators {p 2 φ ,φ 2 ,p φφ +φp φ } form the finite algebra A. Then we can use the following representation of the operator exponentials [18] ,
where the adjoint operator ad X Y ≡ [X, Y ] may be represented as a finite-dimensional matrix acting on the algebra A.
To simplify the problem let us assume that in terms of the minisuperspace probability measure (which is the question that lays beyound the scope of this paper) Ψ 0 is a wavepacket that strongly concentrated nearΦ = iξ class . Then δΦ,α n ,β n and γ n can be considered a perturbation parameter. From the NLO of (24) we obtain the following ODE system, ∂ τ α n = 2γ nD , ∂ τ γ n = 2βD − 2αṼ e 6ρ−ξ class , ∂ τ β n =Ṽ 2 e 6ρ−ξ class δΦ − 4γ nṼ e 6ρ−ξ class
The solutions can be found numerically using exact classical solutions ξ class found in [5] . The norm of the fluctuation part conserved in WKB time is constructed as,
The wide wavepacket case and implications of this result for the construction of the full probability measure will be considered in the future work.
